INTRODUCTION
The problem of deciding if a given digraph (directed graph) has an even length dicycle (i.e., directed cycle of even length) has come up in various connection. It is a well-known hard problem to decide if a hypergraph is bipartite. Seymour [11] (see also [15] ) showed that a minimally nonbipartite hypergraph has at least as many hyperedges as vertices. He characterized those with the same number of hyperedges and vertices in terms of digraphs with no even length dicycle.
Problems in qualitative linear algebra have motivated the concept of a signnonsingular matrix. This is a real matrix A such that each matrix A' with the same sign pattern as A (i.e., corresponding entries in A and A' either have the same sign or both equal 0) has linearly independent columns. Klee et al [4] showed that it is hard to decide if a given matrix is sign-nonsingular. However, they left an important special case open: They showed that the problem of deciding if a square matrix is sign-nonsingular is equivalent with the even length dicycle problem for digraphs.
Although the concepts of the determinant det A and the permanant per A of a real square matrix A are analogous, they are not equally easy to compute. Computing. per A is hard even for the 0-1 case (see [17] ). That special case amounts to finding the number of perfect matchings in bipartite graphs, a problem that plays a role in models in physics [3] and chemistry [10] . Polya [8] suggested that one might try to multiply some entries in a matrix A by -1 and thereby obtain a matrix A' such that per A = detA' . Vazirani and Yannakakis [17] showed that the problem of finding such a matrix A' is equivalent to the even length dicycle problem.
In 1975 Lovasz [6] raised two fundamental questions on the even length dicycle problem.
L( 1) Does there exist a natural number k such that any digraph in which there are at least k arcs leaving each vertex has an even length dicycle? L(2) Does there exist a natural number k such that any strongly k-connected digraph has an even length dicycle? ("Strongly k-connected" means that the removal of any vertex set of cardinality < k leaves a digraph in which each vertex can be reached by a directed path from each other vertex.)
For undirected graphs there is a host of results on configurations that are guaranteed by large degrees or large connectivity. For a survey, see [15] . Moreover, questions involving large connectivity or large minimum degree are equivalent in the undirected case since large connectivity implies large minimum degree and large minimum degree implies, by a result of W. Mader, the presence of a subgraph of large connectivity (see [15] ). This changes dramatically when we go to digraphs: L( 1) was answered in the negative by the present author [13] , and the present paper provides an affirmative answer to L (2) . The best constant in L(2) is 3. Interesting partial results on L( 1), L(2) were found by Friedland [2] [2] by proving that, for r sufficiently large, every strongly r-connected digraph contains a digraph satisfying the assumption of [2] . We show in this paper that no such r exists. 
TERMINOLOGY AND PRELIMINARIES

A digraph D consists of a finite set V(D) of vertices and a set E(D)
We say that y can be reached from x in D if such a P exists. If each vertex of D can be reached from each other vertex of D, then D is strong. 
Proof. Let P, ' P 2 be two dipaths from v 4 to v, and v 2 ' respectively, such that
dipath P 3 . Assume without loss of generality that P 3 intersects P,.
We are now ready for the main results of this paper. Proof. We assume that Theorem 3.3 is false and let D be a counterexample with as few vertices as possible and (subject to that condition) with as few arcs as possible. We shall establish a number of properties of D that will finally result in a contradiction.
( 1 ) D is strongly 2-connected.
has a vertex x (namely, the vertex dominated by Hence the deletion of VI u I and contraction of VI u 2 results in a digraph D2 of minimum outdegree at least 2. We noted after (3) that the statements concerning DI have counterparts for D 2 • The counterparts to statements (3), (4), (5), and (6) are denoted (3'), (4'), (5'), and (6'), respectively. As (6) By the definition of H2 and 1 2 , there is no arc in D2 from H2 to 1 2 , As u l E V(I2) and H2 contains almost all of II (by (11) and (12)), there are not many arcs from II to U I • More precisely, (10), (11) , and (12) would dominate both VI and u I ' which is impossible by Lemma 3.1), or it would equal r (which clearly has outdegree 2 in G and G').
(16) For any two vertices z, z' in G' -r, G' -z' has an r -Z dipath.
Proof. We can assume that Z 1= u;, zi. As D -z' has an r -Z dipath (if z' 1= u;) and D -u 2 has an r -Z dipath, we easily get an r -Z dipath in
As r can be reached from each vertex in D -u l ' we conclude that r can be reached (in G and hence also in G') from each vertex in G'. (Note that any dipath in D -u l from II U {ZI} to r is in G because d+ (vI' G) = 1 .) Combining this with (16) we conclude that ( 1 7) G' is strong.
We finally investigate the vertices of outdegree 2 in G' . In G', r has outdegree 2. In G all vertices (except r, V I ' and possibly one more) have outdegree ::::: 3 by (13). When we form G' we may create a new vertex of outdegree 2, namely, u; or a vertex dominating both VI and u 2 . By Lemmas 3.1,3.2 only one new vertex of outdegree 2 is created in this way. So (18) G' has at most three vertices of out degree 2. We shall show that Theorem 4.1 is best possible in a strong sense. The 4-double-cycle is strongly 2-connected and is not even. It has 4 vertices of outdegree 2. Another such example is the digraph DI consisting of a dicycle XIX2X3X4X5XI and the additional arcs X 2 X 4 ' X 2 X 5 ' X 5 X 2 ' X 4 X I ' X 3 x I ' x I X 3 .
DI is strongly 2-connected and has precisely four vertices of outdegree 2. It contains no weak odd double-cycle and therefore is not even.
In Theorem 4.1 it is also important that D is strongly 2-connected. Indeed, there are infinitely many strong digraphs of minimum indegree 2 and minimum outdegree 3 that are not even. We give here just one example. Let D2 be obtained from DI above by adding a new vertex y such that y dominates XI and is dominated by XI ' x 3 ' x 4 ' x 5 . Then d+ (y , D 2 ) = 1 and, if we contract YX I ' then we obtain D I . As DI is not even it follows by Theorem 2.1 and Lemma 2.2 that D2 is not even. Now take three disjoint copies of D2 and identify the three y-vertices into one vertex. Then the resulting digraph is strong, noneven, and has minimum in-and outdegree 2 and 3, respectively. However, if the minimum in-and outdegree are both at least 3, the situation changes. In [14] it is pointed out that there exists a strongly 2-connected digraph D 7 on 7 vertices that has no dicycle of even length (namely, the one that is the union of the two dicycles XI X2X3X4X5X6X7XI and XI X4X7X3X6X2X5X\). It was asked if there are infinitely many such digraphs. This is still open. However, we get the following weaker statement. A digraph is k-diregular if all vertices have indegree and outdegree k . Friedland [2] proved that every k-diregular digraph is even for k 2: 7. He conjectured that this also holds for k 2: 3. This conjecture follows from Theorem 4.2 since every terminal component of a k-diregular digraph is k-diregular. Vazirani and Yannakakis [17] pointed out that a proof of Lovasz's conjecture would follow from [2] if one could prove that, for k sufficiently large, every strongly k-connected digraph contains a 7-diregular subgraph. If so, it would also contain a 3-diregular subgraph (since every m-diregular digraph is the union of m 1-diregular subgraphs). But this last statement is incorrect. By a result of Pyber and Szemeredi (see [9] ) there exists, for each k, a graph G such that all vertices have degree 2: k and G has no 3-regular subgraph. (Graph and degree are defined in the next section. 3-regular means that all vertices have degree 3.) It is no loss of generality to assume that G is bipartite (as every graph of minimum degree 2k -1 contains a bipartite graph of minimum degree k, see [9, 15] . Let ~, Vz be the bipartition of V(G). Let G' be another copy of G where ~', V; correspond to ~ and V 2 , respectively. Now form the disjoint union G U G'. Direct all edges from ~ U V; to Vz U ~'. Add all arcs from Vz U~' to VI U V; . The resulting digraph is strongly k-connected and has no 3-diregular subgraph.
ApPLICATIONS TO COLOURINGS OF HYPERGRAPHS, SIGN-NONSINGULAR MATRICES, AND PERMANENTS
In this section we apply Theorem 4.2 to the problems mentioned in the introduction.
A hypergraph H is a pair V, E where V is a finite set of vertices and E is a collection of subsets called hyperedges of Veach of cardinality at least 2. [4] ) that A is sign-nonsingular if and only if D A has no dicycle of even total weight. Let us say that an entry aij is redundant if aij =I-0 but aij is not a factor of any nonzero term in the standard expression of detA (or, equivalently, the arc viv j is in no dicycle of
By the results of [13] We now turn to Polya's problem [8] . For simplicity we consider an n by n The equivalence of (i) and (ii) is due to Kasteleyn [3] , and the equivalence of (ii) and (iii) is due to It would be interesting to extend Theorem 5.5 to nonbipartite graphs. The Petersen Graph shows that this is not immediately possible. But the Petersen graph might somehow be the only obstacle as it is the matching theorem of Lovasz in [7] .
Another interesting problem is to decide if there exists a polynomial time algorithm for deciding if a given digraph has an even length dicycle. For planar digraphs a polynomial time algorithm is described in [16] . ABSTRACT. If each arc in a strongly connected directed graph of minimum indegree and outdegree at least 3 is assigned a weight 0 or 1, then the resulting weighted directed graph has a directed cycle of even total weight. This proves a conjecture made by L. Lovasz in 1975 and has applications to colour-critical hypergraphs, sign-nonsingular matrices, and permanents of matrices.
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